Deutsch's algorithm for two qubits (one control qubit plus one auxiliary qubit) is extended to two d-dimensional quantum systems or qudits for the case in which d is even. This allows one to evaluate a certain oracle function by just one query, instead of the d/2 + 1 queries required by classical means.
In the original Deutsch's problem [1] the task is to ascertain a global property of an unknown but fixed Boolean function f : {0, 1} → {0, 1}, namely whether the function is constant (i.e. f (0) ⊕ f (1) = 0) or balanced (i.e. f (0) ⊕ f (1) = 1), where ⊕ denotes the addition modulo 2. Suppose we are given a "black box", or oracle, computing the function. Classically, it is obvious that one has to evaluate both f (0) and f (1) to solve the problem (that is, one needs to perform two function calls or queries). By allowing linear superpositions of single qubit states, however, Deutsch [1] devised a quantum algorithm which, with probability 50%, provides the correct answer for f (namely, whether it is constant or balanced) with a single evaluation of the function. An improved, deterministic version of Deutsch's algorithm has been given by Cleve et al. [2] which provides the exact answer for f in all cases. The speedup of the quantum algorithm over the classical one in this case is thus a factor of two. Deutsch's problem was subsequently generalized by Deutsch and Jozsa (DJ) [3] to cover Boolean functions of the type f : {0, 1} n → {0, 1}. The task is again to determine whether f is constant or balanced, where balanced means that f yields the value 0 for exactly half of the arguments and 1 for the rest. To solve this problem classically, it is necessary to get the function evaluated for 2 n−1 + 1 arguments in the worst case. Quantum mechanically, a single evaluation of f is sufficient [2, 3] . The exponential speedup achieved by the DJ algorithm stems primarily from the fact that it allows for quantum superpositions involving an exponentially large number 2 n of orthogonal states of n qubits.
Another possible, mostly unexplored way to enhance the power of quantum computing is to increase the dimensionality of the individual quantum systems involved in the computation. In this paper we address the following problem which constitutes a novel generalization of Deutsch's problem, and which can be solved efficiently by a quantum algorithm using two d-dimensional quantum systems or qudits. Let
be a given function that maps each of the d arguments 0, 1, . . . , d − 1 into a one-bit value, with d being an even number, and d ≥ 2. The function is constrained to be either constant or balanced, i.e. it fulfills the property that
for a constant function, or
for a balanced one. In Eqs. (2) and (3), and in the remainder of this paper, ⊕ denotes addition modulo d. Given an oracle that evaluates the function for a given argument, our problem is again to decide, by queries to the oracle, whether f is constant or balanced. Note that the case of d = 2 corresponds to the problem considered previously [1, 2] . Any classical algorithm for this problem would, in the worst case scenario, require d/2 + 1 function calls to know with certainty which type of function we have at hand. As we shall presently see, there is a quantum algorithm that solves this problem with a single evaluation of f . This algorithm uses a quantum gate U f for two qudits that is a direct generalization of the f -controlled-NOT gate for two qubits used in the Deustch algorithm. Let us denote the set of computational basis states of a qudit by {|0 , |1 , . . . , |d−1 }. The operation of the two-qudit gate U f is completely defined by its action on the computational basis for each qudit: |x |y
where |x and |y ∈ {|0 , |1 , . . . , |d − 1 } denote the state of the control and auxiliary qudits, respectively. We may call the operation performed by the U f gate a f -controlled-SHIFT operation, for the effect of U f on the auxiliary qudit when f (x) = 1 is to "shift" its state from |y to the adjacent state |y ⊕ 1 (y = 0, 1, . . . , d − 1). The actual circuit effecting our algorithm is shown in Fig. 1 . The initial state of the qudits in the quantum network is |0 |1 , where the first (second) ket always refers to the state of the control (auxiliary) qudit. In the first step, both qudits undergo a unitary transformation H (a qudit Hadamard gate) such that the state of the control qudit is transformed to
(apart from an unimportant normalization factor, which will be omitted in the following), whereas the state of the auxiliary qudit is transformed to
with the + and − signs following each other alternately through the superposition. Then the state after the first two Hadamard transforms is
(−1) y |x |y .
The circuit of the generalized Deutsch's algorithm using two qudits.
Next, we apply the unitary gate U f on this state (the middle operation shown in Fig. 1 ). Of course, the actual computation of the function f comes from the action of this fcontrolled-SHIFT gate. To see the effect of U f on the state (7), first note that, for each x = 0, 1, . . . , d − 1, we have
since f (x) = 0 or 1. Therefore, the state after the f -controlled-SHIFT is
From Eq. (9), we see that the state of the auxiliary qudit remains unchanged whereas each constituent term |x of the control qudit acquires a phase factor of (−1)
f (x) . Clearly, for a constant function, the state |χ f is simply |0 H . On the other hand, for a balanced function, the resulting state |χ f will always be orthogonal to the state |0 H , since now |χ f consists of an equally weighted superposition with exactly half of the |x 's having a minus sign. Therefore, the two possibilities (namely, constant f or balanced f ) can be reliably distinguished by means of a projective measurement M = |0 H 0 H | on the control qudit. (This is what is indicated in the last step of the diagram by the symbol M, Fig. 1 .) So, if f was constant (respectively, balanced), the probability of observing the control qudit in the state |0 H is 1 (0), so that a measurement filtering the state |0 H will with certainty give the result "1" ("0"). Equivalently, we may first apply a Hadamard transform to the state |χ f in order to unitarily rotate the eigenbasis of the measurement into the computational basis {|0 , |1 , . . . , |d − 1 }. In this case, if f was constant, the resulting measurement state for the control qudit will be |0 . For f balanced, the resulting state will be orthogonal to this and then it could be any state |x with x = 1, . . . , d−1. As an example, for d = 4, the Hadamard transform has the possible matrix representation:
Note that H 2 4 = I 4 , and then, for example, we have that H 4 |0 = |0 + |1 + |2 + |3 and, conversely, H 4 (|0 +|1 +|2 +|3 ) = |0 . Similarly, we have that H 4 |1 = |0 −|1 +|2 −|3 , and H 4 (|0 − |1 + |2 − |3 ) = |1 .
Summing up, we have described a quantum algorithm using two qudits (one control qudit plus one auxiliary qudit) that solves with certainty the problem of determining whether the function f : {0, 1, . . . , d − 1} → {0, 1} is constant or balanced, with a single function evaluation followed by a measurement of the state of the control qudit. If we measure directly in the non-computational basis {|0 H , |1 H , . . . , |d − 1 H }, then finding the control qudit in the state |0 H unambiguously signals that the function was constant. Otherwise, it was balanced. Alternatively, if we measure in the computational basis {|0 , |1 , . . . , |d − 1 } (after applying a Hadamard transform to the control qudit) and obtain the outcome corresponding to |0 , then the function was constant. For any other output the function was balanced.
To conclude, it is important to mention that the DJ generalization [2, 3] of Deutsch's problem to functions of the type f : {0, 1} n → {0, 1}, on the one hand, and the present generalization of it to functions of the type f : {0, 1, . . . , d−1} → {0, 1}, on the other hand, are mathematically equivalent for the specific case in which d = 2 n , since in this case the number of arguments of both functions are the same. (Note, however, that the function f : {0, 1, . . . , d − 1} → {0, 1} is more general than the function f : {0, 1} n → {0, 1}, since the former is defined for an arbitrary even number d of arguments, whereas the latter is defined only for an even number 2 n of arguments.) As both quantum algorithms (DJ's and ours) accomplish their goal with a single function evaluation, we deduce that, at least as the Deutsch problem is concerned, the computational capacity of a single qudit of dimension d = 2 n is exactly the same as that corresponding to n qubits. Of course, this is directly related to the fact that the dimension of the state space of a single qudit with d = 2 n , is the same as the dimension of the state space associated with n qubits. Finally, one might wonder whether the higher computational power of qudits could be exploited to improve other existing quantum algorithms, or even to design entirely new ones. It is our hope that this will eventually be the case, and that the use of qudits and multivalued logic gates can serve as a valuable tool in the development of efficient quantum algorithms (see, in this respect, the work in Ref. [4] where the authors derive a set of one-and two-qudit gates that are sufficient for universal multivalued computing, and show how such gates can be implemented by using d-level ions in the linear ion trap model).
